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The self-induced gap solitons in nonlinear magnetic metamaterials is investigated. It is shown that the
self-induced gap solitons may exist due to the interaction of the discreteness and nonlinearity. The evolution of
these localized structures is studied in the phase plane and analytical and numerical expressions are obtained.
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I. INTRODUCTION

The formation and dynamics of localized structures in
nonlinear discrete systems have been the subject of intense
investigation theoretically and experimentally �1�. The sys-
tems include anharmonic crystals, conducting polymer
chains, Heisenberg ferromagnetic chains, Josephson-junction
arrays, and photonic lattices, etc. �2–5�. The localized struc-
tures result from the interplay between nonlinearity and dis-
creteness that have no counterpart whatsoever in continuous
systems. Gap solitons as one type of localized modes attracts
much attention since it was first introduced by Chen and
Mills when they studied the nonlinear optical response of
superlattices �6�. For one-dimensional system Kivshar pro-
posed a self-induced lattice gap soliton theory which shows
that localized structures may appear due to a nonlinearity-
induced symmetry breaking between two equivalent eigen-
modes �7�.

Since split ring resonators �SRRs� were proposed and ap-
plied to design artificial media with negative permeability
�8,9�, many researchers became interested in the properties
of these magnetic metamaterials �MMs� �10�. The MMs not
only exhibit magnetic properties unavailable in naturally oc-
curring materials but also support a type of guided waves,
called magnetoinductive �MI� waves, which owe their exis-
tence to magnetic coupling between the elements �11,12�.
The controllable parameters of each engineering elements
provide great flexibility to design arrays with quite different
intrinsic properties. Moreover, either by embedding the
SRRs in a Kerr-type medium �13,14� or by inserting certain
nonlinear elements �e.g., diodes� in each SRR �15–17�, MMs
may take on nonlinear properties. The combination of non-
linearity and discreteness allows one to expect the formation
of nonlinear localized structure in MMs. Recent researches
show one-dimensional �1D� or two-dimensional �2D� dis-
crete array of nonlinear SRRs supports localized structures in
the form of discrete breathers �18,19�, magnetic domain
walls �20�, and magnetoinductive envelope solitons �21�.
However, to the author’s knowledge, gap solitons as one of
localized structures are not reported up to now in nonlinear
SRR arrays.

In this paper, we consider the propagation of a weakly
nonlinear charge variation in 1D MMs formed by a discrete

array of nonlinear SRRs where each element coupled mag-
netically to its nearest neighbors. The description for the
charge stored in SRR involves a set of difference-differential
equations and the discreteness makes the properties of the
system periodic. Due to the interplay between discreteness
and nonlinearity types of nonlinear excitations may be pos-
sible in 1D nonlinear SRR arrays. To obtain the nonlinear
excitations, we use a systematic method called the quasidis-
creteness approximation. It will be shown analytically and
numerically that self-induced gap solitons may exist as a
result of nonlinearity-induced gap in the continuum spec-
trum.

II. PHYSICAL MODEL

Here we consider 1D discrete, periodic arrays of N iden-
tical nonlinear SRRs with their centers separated by distance
d0. A 1D array can be constructed either in the planar con-
figuration or in the axial configuration �12�. The nonlinearity
arises from a Kerr-type dielectric which fills the SRR slits
�13�. Equivalent permittivity is ���E�2�=�0��l+��E�2 /Ec

2� de-
pending on the electric field E, where �0 and �l represent the
vacuum permittivity and linear permittivity, respectively, Ec
is a characteristic electric field, and �=+1��=−1� accounts
for self-focusing �defocusing� nonlinearity. Each SRR can be
modeled as a nonlinear resistor-inductor-capacitor �RLC� cir-
cuit driven by an alternating voltage source, with Ohmic re-
sistance R, self-inductance L, and nonlinear capacitance C.
SRRs are coupled weakly to its nearest neighbors due to
magnetic interactions through their mutual inductance M.
For planar configurations, the nearest-neighbor approxima-
tion is valid even if the SRRs are very close. The coupling
between two elements is much enhanced for axial configu-
ration, the interaction of the SRRs with second nearest
neighbors becomes important, but if they are sufficiently far
from each other, then only interaction between nearest neigh-
bors needs to be taken into account. Here we assume there is
only nearest-neighbor interaction. The mutual inductance M
can be positive or negative. For planar configurations be-
cause the magnetic field originating in a SRR changes its
direction when crossing its neighbors, M is negative, but for
axial configurations M is positive. We assume electromag-
netic wave propagates in such SRRs array with magnetic
component perpendicular to the SRRs plane and that the
electric component is transverse to the slit. Normalizing the
charge Qn stored in the nth SRR, Qn= �CldgEc�qn, and the*yyzhu@nju.edu.cn
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current In circulating in the nth SRR In= �CldgEc�l�in, and
the time to �LCl�1/2t, where Cl is the linear capacitance, dg is
the size of the slit, and �l= �LCl�−1/2, qn and in are found to
obey the evolution equations as following �18�:

d2

dt2 ��qn−1 − qn + �qn+1� − qn +
�

3�l
qn

3 + E�t� = �
dqn

dt
, �1�

in =
dqn

dt
, �2�

where �=M /L denotes the intersite coupling constant, �
=RCl�l is the loss coefficient, and E is the electromotive
force induced in each SRR due to the applied field. In the
following we neglect losses by setting �=0. By substituting
a plane wave with the form �exp i�knd0−�t� into Eqs. �1�
and �2�, we get the linear dispersion relation of magnetoin-
ductive waves in such a system:

� = �1 − 2� cos kd0�−1/2. �3�

Equation �3� shows there are lower cutoff frequency �min
=��k=� /d0�= �1+2����−1/2 and higher cutoff frequency
�max=��k=0�= �1−2����−1/2, which are decided by the pa-
rameter � describing the properties of the system. The physi-
cally meaningful range for � is ��1 /2. MI waves are for-
ward in the axial configuration ���0� with codirectional
phase and group velocities and backward in the planar con-
figuration ��	0�, with phase and group velocities in the
opposite directions �12�. The most interesting point of the
spectrum is k=� / �2d0�, which corresponds to a pair of
equivalent oscillate eigenmodes: at k=� / �2d0�, there are no
current in the even SRRs and the current in the odd ones
circulate with the opposite phases at the frequency �=1, or
vice versa, there are no current in the odd SRRs but the
current in the even ones circulate with the opposite phases at
the same frequency. Because of the nonlinearity of Eq. �1�, a
symmetry breaking occurs between these two equivalent lin-
ear eigenmodes and a frequency gap will open at k
=� / �2d0�. Let us introduce two functions for the odd and
even charge stored in the SRRs, i.e., q2j =vn, for n=2j �even
sites� and q2j+1=wn �odd sites�, where n is the index of the
nth cell. Then Eq. �1� can be written to two coupling nonlin-
ear equations:

d2

dt2 ��wn−1 − vn + �wn� − vn +
�

3�l
vn

3 + E = 0, �4�

d2

dt2 ��vn−1 − wn + �vn� − wn +
�

3�l
wn

3 + E = 0. �5�

By letting �vn ,wn�= �v0 ,w0�exp�i�knd−�t��+c.c., where d
=2d0 is the spacing of unite cell and v0 and w0 are real
constants, using a rotating wave approximation, i.e., retain-
ing only first-order harmonics, we can find the continuum
wave spectrum of the nonlinear system as

��2 − 1 + �v0
2/�l���2 − 1 + �w0

2/�l� = 4�2�4 cos2 d0k . �6�

The above nonlinear continuous wave spectrum incorporates
the amplitude dependence of the wave frequency. At k

=� / �2d0�, this dispersion relation exhibits a nonlinear-
induced gap


�2 = ��1
2 − �2

2� = � �

�l
�v0

2 − w0
2�� . �7�

The gap frequencies, �1
2=1−�v0

2 /�l and �2
2=1−�w0

2 /�l, cor-
respond to two modes, vn= �−1�nv0 exp�−i�0t� and wn=0,
and wn= �−1�nw0 exp�−i�0t� and vn=0, which are different
provided v0

2�w0
2. The frequency gap in the continuum spec-

trum, resulting from the symmetry breaking between two
equivalent linear eigenmodes at k=� / �2d0�, may result in
the wave localization with the frequency lying within the
gap.

III. GAP SOLITONS IN ONE-DIMENSIONAL SRRS
ARRAYS

We first consider the case with applied field E=0. In the
vicinity of the point k=� / �2d0�, using quasidiscreteness ap-
proximation we make the antsatz

vn = �− 1�n�V��n,�exp�i�0t� + V���n,�exp�− i�0t�� , �8�

wn = �− 1�n�W��n,�exp�i�0t� + W���n,�exp�− i�0t�� ,

�9�

where �n=�2nd, =�2t are slow variables, and � is a small
parameter. Substituting Eqs. �8� and �9� into Eqs. �4� and �5�,
retaining to order O��3� and making rotating-wave approxi-
mation, one can obtain

i�0
�V

�t
− �d0�0

2�W

�x
−

�

2�l
�V�2V = 0, �10�

i�0
�W

�t
+ �d0�0

2�V

�x
−

�

2�l
�W�2W = 0, �11�

with x=nd, when returning to the original variables. Equa-
tions �10� and �11� are two coupled nonlinear differential
equations. Stationary solutions of Eqs. �10� and �11� can be
obtained in the form �V ,W�= �f1�x� , f2�x��e−i�t, where � is
an arbitrary real parameter and f1 and f2 is real �7�. Equa-
tions �10� and �11� then transform into

df1

dz
= − �0�f2 + �f2

3, �12�

df2

dz
= �0�f1 − �f1

3, �13�

with z=x /�d0�0
2 and �=� / �2�l�. It is not difficult to get a

conservative quantity of Eqs. �12� and �13�:

E = −
1

2
�0��f1

2 + f2
2� +

1

4
��f1

4 + f2
4� . �14�

Thus Eqs. �12� and �13� describe the dynamics of a Hamil-
tonian system with one degree of freedom. The exact solu-
tion can be obtained by introducing an auxiliary function g
= f1 / f2 which satisfies
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�dg

dz
	2

= �0
2�2�1 + g2�2 + 4�E�1 + g4� , �15�

and f1 and f2 may be found by the relation

f2
2 =

1

��1 + g4�

�0��1 + g2� � ��0

2�2�1 + g2�2

+ 4E��1 + g4��1/2� , �16�

with f1=gf2. It is helpful to use the method of qualitative
analysis of dynamical systems and consider possible solu-
tions of Eqs. �12� and �13� in the phase plane �f1 , f2�. Atten-
tion should be paid to separatrixes, which correspond to dif-
ferent kinds of soliton solutions. As a dynamical system,
Eqs. �12� and �13� have five center points �0, 0�, �� f0 , � f0�
on the phase plane with f0= ��0� /��1/2. If the embedded
media is self-focusing, ��0, the solution f0 exists when the
arbitrary parameter ��0. For self-defocusing media, �	0,
� is needed to be negative. The phase portraits of the system
have been exhibited in Fig. 1�a�. It can be seen in the figure
that A�f0 ,0�, B�0, f0�, C�−f0 ,0�, and D�0,−f0� are saddle
points. All the separatrix curves connecting a pair of the
neighboring saddle points are heteroclinic orbits. On these
separatrix curves E=−�0

2�2 /4�. The solutions correspond-
ing to this orbits can be obtained by integrating Eq. �15�. We
have

g = �0 exp��1
�2�0�z� , �17�

f2 = �3���0

�
	1/2

exp�− �1�0�z/2�

�2 cosh��2�0�z� + �2�0�2

2� cosh�2�2�0�z�
�1/2

, �18�

f1 = gf2, �19�

where � j�j=0,1 ,2 ,3�= �1. By choosing the values of � j�j
=0,1 ,2 ,3�, we can obtain different possible kinds of non-
cutoff kink solutions. The solutions correspond to different
separatrix curves shown in Fig. 1. For example, the orbit AB

corresponds to �0=�3=1 and �1=�2=−1, and for the orbit
BEA, �0=1 ,�1=�2=�3=1. The distributions for the orbits
AB and BEA have been shown in Figs. 2�a� and 2�b�. The
other solutions correspond to the separatrixies BC, CFB,
CD, DGC, and AHD can be obtained by symmetry.

Next, we consider self-induced gap solitons for SRR ar-
rays which are subjected to the external driving E due to the
applied field. In order to generate gap solitons in this case we
start by solving Eqs. �4� and �5�. Further we assume that the
applied field E=E1 cos��e�, E1=�3E0, and �0−�e=�2
�,
which means the applied field is weak and the frequency of
the applied field �e approaches �0. Substituting Eqs. �8� and
�9� into Eqs. �4� and �5�, we obtain

i�0
�V

�
− �d0�0

2�W

��n
−

�

2�l
�V�2V +

E
4

�− 1�ne−i
� = 0,

�20�

i�0
�W

�
+ �d0�0

2 �V

��n
−

�

2�l
�W�2W +

E
4

�− 1�ne−i
� = 0.

�21�

Then making transformation

�V��n,�,W��n,�� = �f1��n,�, f2��n,��exp�− i
�t��− 1�n,

�22�

Equations �20� and �21� are changed to

i�0
� f1

�t
− �d0�0

2� f2

�x
+ �0
�f1 −

�

2�l
�f1�2f1 +

E0

4
= 0,

�23�

i�0
� f2

�t
+ �d0�0

2� f1

�x
+ �0
�f2 −

�

2�l
�f2�2f2 +

E0

4
= 0.

�24�

Here we use the original variables. For nonpropagating solu-
tions we can postulate that �f1 /�t=�f2 /�t=0, Eqs. �23� and
�24� transform into

df1

dz
= − �0
�f2 + �f2

3 −
E0

4
, �25�
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FIG. 1. �Color online� The phase portrait for the case �	0, �
	0 �self-defocusing media�.
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FIG. 2. �Color online� The even and odd components for soliton
solutions corresponding to the cases �a� separatrix curve BEA in
Fig. 1�b� separatrix curve AB in Fig. 1.
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df2

dz
= �0
�f1 − �f1

3 +
E0

4
. �26�

A conserved quantity from Eqs. �25� and �26� can be ob-
tained

E = −
1

2
�0��f1

2 + f2
2� +

1

4
��f1

4 + f2
4� −

E0

4
�f1 + f2� . �27�

Since it is difficult to obtain analytical solutions of Eqs. �25�
and �26�, we use the method of qualitative analysis and nu-
merical simulation. In the simulation, �e, the external drive
frequency, is an adjustable parameter so 
��0 and 
�
	0 are both possible. An analysis shows if 
� and � have
different sign, i.e., sgn���sgn�
��	0, the system has
unique center point, no localized structure can be found. But
for sgn���sgn�
���0, localized structure such as gap soli-
tons is possible. One case is the embedded material is self-
focusing ��=1� and the external drive frequency �e	�0,
and another case is the embedded material is self-defocusing
��=−1� and �e��0. As a dynamical system, Eqs. �25� and

�26� have five centers at � f̃0 , f̃0�, �− f̃0 /2−� /2,− f̃0 /2−� /2�,
�− f̃0 /2+� /2,− f̃0 /2−� /2�, �− f̃0 /2−� /2,− f̃0 /2+� /2�,
�− f̃0 /2+� /2,− f̃0 /2+� /2�, and four saddle points at

A�− f̃0 /2+� /2, f̃0�, B� f̃0 ,− f̃0 /2+� /2�, C�− f̃0 /2−� /2, f̃0�,
D� f̃0 ,− f̃0 /2−� /2� with f̃0= �−�+��1/3− ��+��1/3, �= �−3 f̃0

2

+4�0
� /��1/2, �=E0 / �2��, and �= �E0
2 / �16�2�

+4�0
3
�3 /27�1/2 /2. The phase portrait for �=1, 
��0 has

been sketched in Fig. 3. To find the gap solitons with applied
field, we pay much attention to the separatrix curves on the
phase plane. There are two different types of separatrix
curves unlike the case without applied field. One is a hetero-
clinic orbit, i.e., AEB, BA, DGFC, and the other one is a
homoclinic orbit, i.e., AHA. The numerical simulation corre-
sponding to separatrixes AHA and DGFC have been de-
picted in Figs. 4�a� and 4�b�. By using Eqs. �8�, �9�, and �22�,
the charge stored in SRR varies

vn = f1 exp�i�et� + f1
� exp�− i�et� , �28�

wn = f2 exp�i�et� + f2
� exp�− i�et� . �29�

From Eqs. �28� and �29� we can see due to the external field
the variation frequency of current in SRRs is the same with
external field frequency, and the even �or odd� SRRs now
have the same phase differently from the case without exter-
nal field. We perform numerical simulations using Eq. �1�
with the initial conditions �17�–�19�, �28�, and �29�. A lattice
of N=100 SRRs with period boundary conditions is investi-
gated. Typical localized structures are shown in Figs. 5�a�
and 5�b�. Figure 5�a� depicts noncutoff kinks without applied
field. The parameters are chosen as �=0.15, �l=2, �=1, and
�=0.1. We find that the kinks evolute for long time intervals
�over 104 oscillation period� without observing any signifi-
cant change in the shape. Moreover, we checked the case
which the SRR arrays are subjected to the weak external
driving force shown in Fig. 5�b�, i.e., E0=0.0024, �e
=0.98�0, and the localized structure also seems stable. With-
out external field, the nearest-neighbor even �or odd� SRRs
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FIG. 3. �Color online� The phase portrait for the case 
��0,
��0 with applied field E.
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oscillate with opposite phase, but when the external field is
considered, the ones oscillate with the same phase and the
amplitude are also changed. The simulations based on the
discrete model show fairly good agreement with the analyti-
cal expressions derived from the quasidiscreteness approxi-
mation of that model. The nonlinear excitations such as kinks
and localized structures in 1D discrete arrays original from
the balance between the effect of dispersion �due to the pe-
riodic location of SRRs� and nonlinearity �due to the permit-
tivity dependence of the electric field�. For our nonpropagat-
ing localized modes, the localized nonlinear
magnetoinductive waves have a spatial extension, the current
in each SRRs oscillates with their own amplitude and the
profile of localized modes cannot propagate.

Noticing that in the experimental 1D SRRs array system,
the self-inductance of a circular SRR is determined by the
L=�0a�ln�16a /h�−1.75� which the parameter a is radius
and h is circular cross section of diameter. The expression for
the mutual inductance between two SRRs can be calculated
by means of a simple approximation as M ��0�a4 /4d0

3 for
planar geometry. For axial geometry the mutual inductance is
M ��� /2��0a�a /d0�3. The coupling parameter �=M /L cal-
culated in the axial geometry is twice as strong as planar
geometry with the same separation distance d0 approxi-
mately. Choosing a=2.4 �m, h=1.1 �m, and d0=4.3 �m
the resonance frequency for a single SRR is about 6.2 THz
and the coupling parameter ��0.15 for axial geometry
�18,19�. The linear permittivity can be taken as �l=2. These
requirements can be easily realized in experiment. Although
considerable theoretical study has been made for the gap
solitons in discrete systems, there are only a few systems
where gap solitons are easily and directly observed in con-
trolled laboratory experiments �1�. Self-induced gap solitons

as one of interesting localized structures first introduced by
Kivshar in 1993 �7�, only have been realized experimentally
in pendulum lattice to our knowledge �22�. We wish the dis-
crete array of nonlinear SRRs can be taken as a good system
to realize self-induced gap solitons. Considering the size of
each element and the distance between them can be easily
controlled, the great flexibility of metamaterial engineering
maybe provide such an opportunity. Moreover, with applied
field more rich self-localized structures can be observed.

IV. CONCLUSIONS

In conclusion, we have analytically and numerically in-
vestigated the nonlinear localized structures in a one-
dimensional SRRs arrays. The results show that the intrinsic
interaction between SRRs can support self-induced gap soli-
tons. One pattern is noncutoff kink. These localized struc-
tures appear due to the symmetry breaking between two
equivalent linear eigenmodes at q=� / �2d0�, i.e., due to a
nonlinearity-induced frequency gap in continuum wave spec-
trum. The evolution of these localized structures is studied in
the phase plane and their analytical and numerical results are
proposed. Applications of MI waves have been reported for
delay lines �23�, phase shifters �24�, and microwave lenses
�25�, then we expect our studies will further inspire the MMs
application in nonlinear regime.
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